The sub-Laplacian on the Heisenberg group and the Grushin operator are typical examples of sub-elliptic operators. Their heat kernels are both given in the form of Laplace-type integrals. By using Laplace's method, the method of stationary phase and the method of steepest descent, we derive the small-time asymptotic expansions for these heat kernels, which are related to the geodesic structure of the induced geometries.
Introduction (a) Heat kernel asymptotics for the Laplace-Beltrami operator
It is well known that much geometric information about a Riemannian manifold can be decoded from the small-time asymptotic expansions of the heat kernel (i.e. fundamental solution of the heat operator) of the associated Laplace-Beltrami operator. Let (M, g) be a Riemannian manifold of n-dimension, ρ(q 0 , q) be the distance between two points q 0 , q ∈ M, and be the Laplace-Beltrami operator, and p(t, q 0 , q) be the heat kernel of . The celebrated result of Varadhan [1, 2] More precise small-time asymptotic approximations for p(t, q 0 , q) have been investigated by many authors. As t → 0 + , p(t, q 0 , q) has the following expansion p(t, q 0 , q) ∼ 1 (2π t) n/2 e −(1/2t)ρ 2 (q 0 ,q) a 0 (q 0 , q) + a 1 (q 0 , q)t 1/2 + a 2 (q 0 , q)t + · · · , ( 1.2) for q 0 and q are near points such that they are joined by a finite number of the shortest geodesic along which they are not conjugate. The half-integer power terms vanish for a manifold without boundary. If q 0 and q are conjugate to each other along the shortest geodesic, the asymptotic behaviour of p(t, q 0 , q) will be different, namely the leading power of t in the expansion changes from t −n/2 to t −(n+k)/2 for some positive number k. The number k appearing in the power is different for different situations. The details can be found in Molchanov's survey paper [3] .
In the case when M is compact, consider the heat kernel trace
where 0 < λ 1 ≤ λ 2 ≤ · · · are the eigenvalues of the Laplace-Beltrami operator with vanishing Dirichlet condition if M has a non-empty boundary. Kac's [4] famous question 'can one hear the shape of a drum' concerns the extraction of geometric information of M from the asymptotic expansion of the heat kernel trace. McKean & Singer [5] showed that
where C 0 , C 1 and C 2 are all global geometric quantities given by
A(∂M) 4(2π ) (n−1)/2 and C 2 = M R(x)dx 6(2π ) (n−2)/2 , ( 1.5) with vol(M), A(∂M) and R(x) being the volume of M, the volume of boundary of M and the scalar curvature, respectively. By the Hardy-Littlewood tauberian theorem, the leading term in expansion ( 1.4) yields the classical Weyl's asymptotic formula [6] for large eigenvalues λ n ∼ 2π 2 n ω n vol(M) 2/n , n → ∞.
( 1.6) Here, ω n = π n/2 /Γ ( n 2 + 1) is the volume of a unit n-ball.
(b) Heat kernel asymptotics for sub-elliptic operators
On an n-dimensional Riemannian manifold M, one needs n independent smooth vector fields {X 1 , X 2 , . . . , X n } to introduce a metric g given by the n × n positive definite matrix (g(∂/∂x i , ∂/∂x j )) n×n = (g ij ) n×n , and the Laplace-Beltrami operator is given by
which is an elliptic operator. Here, (g ij ) is the inverse matrix of (g ij ). When one or several vector fields are missing, say, given {X j } k j=1 with k < n, the possible generalizations of the elliptic operators, Riemannian geometries and their relations are of particular interest.
Hörmander [7] studied a class of operators called 'sum of squares of vector fields' of the form
where a i (x)'s are smooth functions on M. Hörmander showed that L is sub-elliptic (and hence hypoelliptic) if these vector fields satisfy the bracket-generating condition. The hypoellipticity means that Lu = f has a smooth solution provided that f is smooth.
On the other hand, given a bracket generating vector fields {X j } k j=1 with k < n, we can introduce a sub-Riemannian metric on M. The definition of the bracket-generating condition and a brief description of the sub-Riemannian space (M, D, g) are provided in §5.
It seems that sub-elliptic operators and sub-Riemannian geometries are natural generalizations of elliptic operators and Riemannian geometries. Now we return to our question, could one obtain geometric information of (M, D, g) from the small-time asymptotics of the heat kernel of L?
Léandre [8, 9] proved a result for the sub-elliptic heat kernels
Here, d(q 0 , q) denotes the sub-Riemannian distance between q 0 and q. This result could be regarded as a generalization of Varadhan's (1.1) to sub-elliptic operators. A refined asymptotic formula was then given by Ben Arous [10] , who showed that 10) for q 0 = q and q is not on the cut-locus of q 0 . This is an analogue to the elliptic case given in (1.2). The above results suggest that sub-elliptic heat kernels have similar small-time behaviour to elliptic ones. However, the sub-elliptic operators also show some new phenomena. On the diagonal, i.e. when q 0 = q, Ben Arous & Léandre [11, 12] proved
The asymptotic behaviour of p(t, q 0 , q) is not known for q = q 0 and q is a cut point of q 0 . The recent breakthrough is given by Barilari et al. [13] , who showed that 12) if q = q 0 and q is a cut point as well as a conjugate point of q 0 along some shortest geodesic.
Here, k is a positive number that reflects 'how conjugate' the two points are, in particular, when there is a k-parameter family of shortest geodesics. This result can be regarded as an extension of Molchanov's result [3] on elliptic operators to sub-elliptic operators. The investigations on the heat kernel asymptotics for some sub-elliptic heat kernels were also carried out in detail by Brockett & Mansouri [14] and Séguin & Mansouri [15] . Note that only the first term is derived in the above results on small-time asymptotic behaviour of the sub-elliptic heat kernel. The results for the elliptic operator in (1.2), (1.4) and ( 1.5) suggest the higher order terms in the heat kernel asymptotic expansion will give interesting geometric quantities of the associated sub-Riemannian geometry. In the present paper, we shall use two examples as an illustration of how to derive the higher order terms in the heat kernel asymptotic expansions. 
The mth Heisenberg group is a nilpotent Lie group of step 2 on the manifold 13) with the group law 14) where a j 's are positive parameters. For the sake of simplicity, we restrict ourselves on H 1 = {(x 1 + ix 2 , y)} and assume a 1 = 1/2 without loss of generality. The vector fields
are left-invariant under the group law and bracket-generating, that is [X 1 , X 2 ] = 2(∂/∂y) recovers the missing direction. Therefore, the sub-Laplacian
is sub-elliptic by Hörmander's theorem. The heat kernel of H has been well studied in the literature (see [16] [17] [18] ). Thanks to the group structure, we can fix q 0 to be the origin and let the other point q(x 1 , x 2 , y) vary, and the heat kernel p t (x 1 , x 2 , y) is given as a Laplace integral 17) where the phase function (also known as the modified complex action function) is 18) and the amplitude function (also known as the volume element) is
It is shown in [18] that the critical points of f (τ ) and the geodesics joining q(x 1 , x 2 , y) and the origin are one-to-one correspondence, and each of the critical values of f (τ ) is equal to half of square of the length of corresponding geodesic. The second example of sub-elliptic operators is introduced by Grushin [19] . Consider the following vector fields on
These vector fields give all (m + 1) directions on R m+1 except on y-axis, where their bracket [X j , Y j ] = ∂/∂y gives the missing direction. The Grushin operator
is therefore sub-elliptic by Hörmander's theorem. When m = 1, G is the classical Grushin operator and its heat kernel is constructed in [20] , the general case of m ≥ 1 is studied in [21] . The heat kernel of G has the following form: 22) where q 0 (x 0 , y 0 ) and q(x, y) are two points in R m+1 , the phase function (the modified complex action function) is
( 1.23) and the amplitude function (the volume element) is
( 1.24) Note that the heat kernels (1.17) and ( 1.22) are both Laplace-type integrals. To derive their small-time asymptotic expansions, we can use the techniques of integrals such as Laplace's method, the method of stationary phase and the method of steepest descent. The aim of the present paper is to use these techniques to establish the asymptotic expansions for the heat kernels (1.17) and ( 1.22) and to compute the first few coefficients. This will shed some light on the connection between the heat kernel asymptotics of the sub-elliptic heat kernel and the sub-Riemannian geometry.
Asymptotics for the heat kernel of the Heisenberg sub-Laplacian
For the heat kernel (1.17) of the Heisenberg group, we have the following result. 
Without loss of generality, we assume y > 0. Now the heat kernel is simply given as
which can be evaluated via the residue calculation. Note that each ikπ , k = 1, 2, . . ., is a simple pole of V(τ ) with the residue being e −kπy/t (−1) k ikπ . Then, we have
Note that kπ y = 2 k /2 with k denoting the length of the kth geodesic joining (0, 0, y) and the origin so that 1 gives the sub-Riemannian distance between these two points. Therefore, the leading term asymptotic approximation reads
Here, d(0, 0, y) stands for the sub-Riemannian distance between (0, 0, y) and the origin.
(c) Case III-1:
Now, the heat kernel (1.17) takes the form
As the exponent f (τ ) is real, the asymptotic expansion of the last integral as t → 0 + can be derived by Laplace's method. For a description of this method, see [22] . We recall some properties of the phase function (the modified complex function)
The function f (τ ) is real positive and has only one minimum point at τ = 0. That is f (τ ) = 0 ⇔ τ = 0. This critical point corresponds to the unique geodesic connecting the point (x 1 , x 2 , 0) and the origin (0, 0, 0), which is the line segment joining these two points. Moreover,
where d(x 1 , x 2 , 0) denotes the sub-Riemannian distance between the point (x 1 , x 2 , 0) and the origin. Now, f and V have the following Taylor's expansions at the point τ = 0:
and
where 
where the coefficients C n can be expressed in terms of α k and β k with 0 ≤ k ≤ n. The first few coefficients are given by
see [22] . Other coefficients can be obtained iteratively by the method in [23] or [24, eqn (28) ].
(d) Case III-2: x = 0 and y = 0
As t → 0 + , the heat kernel in ( 1.17 ) is a Laplace-type integral with 1/t playing the role of a large parameter. Note that the action function f (τ ) is analytic in τ . Hence, we may apply Debye's method of steepest decent to derive the asymptotic expansion; see [22, §II.4] . The basic idea is to deform the integration path to the steepest decent curve Γ , so that the following conditions hold:
(a) Γ passes the critical points of f (z), i.e. points such that f (z) = 0 and
The term steepest descent stems from condition (b) above, as −Re f (τ ) is steepest descent along the curve Γ .
We first recall the results on f (τ ) in [18] . For (x 1 , x 2 ) = (0, 0), f (τ ) has finitely many of critical points, all are purely imaginary. Denote these saddle points as 12) where j is the length of the jth geodesic joining (x 1 , x 2 , y) and the origin. In particular, the first critical point gives the smallest critical value
with d(x 1 , x 2 , y) = 1 denoting the sub-Riemannian (Carnot-Carathéodory) distance between (x 1 , x 2 , y) and the origin. As other critical values are larger than the first one, the contributions of these critical points are exponentially small compared with the first critical point. Write τ = a + ib with a, b both real. The imaginary part of f (τ ) defined in ( 1.18 ) is
Note that Im f (τ 1 ) = Im f (iθ 1 ) = 0. The steepest descent path is plotted in figure 1 , where we choose x 2 = 2 and y = 5 for illustration: there are three critical points τ j = iθ j , j = 1, 2, 3 with 0 < θ 1 < π < θ 2 < θ 3 < 2π . They are the intersecting points of the steepest path with the imaginary axis.
The Taylor expansions of f and V and the first saddle point τ = τ 1 are with α = 1. By the method of steepest descent, we have 15) where the coefficients C n can be derived iteratively (see [22, §II.4] ). We follow the method described in [24] to obtain these coefficients C n . A simple calculation yields [18] , we have μ (ϕ) > 0 for 0 < ϕ < π, and hence f (2) (τ 1 ) > 0, which implies that τ = τ 1 is a saddle point of order one. Moreover, we also have f (3) (τ 1 ) > 0. Thus,
Follow the notations of López & Pagola [24] ,
In our case m = 2 and p = 3. Now, we split the phase function into two terms 
The idea used in [24] is to deform the contour into a steepest descent path of f 2 (τ ) instead of that of f (τ ), seeking simplicity. Note that f 2 (τ ) is a polynomial of degree two, and Im f 2 (τ 1 ) = Im f (τ 1 ) = 0, so the steepest descent path for f 2 (τ ) is the horizontal line, which is plotted in figure 1 with a straight line passing τ 1 . This contour is divided into two semi-infinite lines
Then the integral in (1.17) becomes a Laplace integral over r, and any method for computing the coefficients of Laplace's methods can be applied. Follow the approach in [24] , the coefficients C n in the expansion (2.15) are given by 
Here, b k is given in (2.14) and the partial ordinary Bell polynomials B n,k are defined by
Recall that
The first few terms of B n,k are given by
with μ := μ (−iτ 1 ), μ := μ (−iτ 1 ) and μ := μ (−iτ 1 ). A slight calculation yields 27 )
and 
(e) Some observations
We have the following form of asymptotics for the heat kernel Here, n = 3 is the topological dimension and Q is the Hausdorff dimension (cf. equation (A 1)). This agrees with the previous result on the asymptotics for the heat kernels on the diagonal, i.e. when the (x 1 , x 2 , y) = (0, 0, 0) (see [10] [11] [12] [13] ).
Asymptotics for the heat kernel of the Grushin operator
The geodesic structure of the Grushin plane is similar to the Heisenberg case. However, we do have exceptional geodesics in the Grushin case, which do not correspond to the critical points of g(τ ) but the singularities of g(τ ) and W(τ ) (see [20, 21, 25] ). All the geodesics correspond to τ k = iη k with 0 < η 1 ≤ η 2 ≤ η 3 ≤ · · · being a (finite or infinite) sequence of positive numbers. A geodesic is referred to as exceptional if it corresponds to η being an integer multiple of π , otherwise we call it a generic geodesic. Note that τ = ikπ , k ∈ Z, is a singularity of both g(τ ) and W(τ ) given in (1.23) and (1.24). There is an exceptional geodesic corresponding to η k = jπ for some positive integer j appearing when (i) x = x 0 = 0 or (ii) x = −x 0 = 0. Moreover, the first geodesic is always generic in case (i), i.e. 0 < η 1 < π ≤ η 2 . However, the first geodesic might be exceptional in case (ii), that is
In this section, we shall derive the following result for the Grushin heat kernel with m = 1. 
2)
where c s is given in (3.6); (III) when x = −x 0 = 0 and |y − y 0 | = (π/2)x 2 , 
23) is identically equal to zero, the result in (3.1) follows immediately. In what follows, we shall derive the results in Cases (II)-(IV).
(a) Case II: x = x 0 = 0 and y = y 0 Now, the phase function simplifies to
which is real positive-valued and has one minimum at τ = 0. Therefore, we can use Laplace's method to derive the asymptotic expansion for ( 1.22) . Note that g(τ ) and W(τ ) are even functions, hence
The series expansion of g and W are
In the notations of (2.18), m = 2, p = 4. By Laplace's method 
It is readily seen that
where f is the modified complex action function of the Heisenberg sub-Laplacian given in (1.18). Now g(τ ) has only one saddle point τ 1 = iπ , which is also a branch point of W(τ ). The saddle point corresponds to a generic geodesic, and the branch point corresponds to an exceptional geodesic, and these two geodesic coincide. 
The first few coefficients are (c) Case IV-1: x = x 0 = 0 and y = y 0 .
We assume y > y 0 without loss of generality. Now, the heat kernel in ( To derive the asymptotic expansion, we recall Hankel's loop integral representation of the gamma function (3.12) see [26] or [27, eq. (5.9. 2)]. Thus, 
The asymptotic expansion of ( 1.22) 
By the inverse function theorem,
Differentiating the last equation with respect to u and using (3.8), one has
A slight calculation yields
Under the change of variables (3.14), the integral in ( 1.22) reduces to a Hankel's loop integral 16) where d 2 /2 = g(τ 1 ) and d is the sub-Riemannian distance between the two points (x 0 , y 0 ) and (x, y).
Using the integral representation in (3.12) and Watson's lemma, one has The geodesics in cases (a) and (b) are all generic geodesics. There might be exceptional geodesic(s) in case (c), but the shortest geodesic is generic. In all these three cases, the action function g(τ ) has finite number of critical points (saddle points)
Here, p is a positive integer. The first saddle point τ 1 will give the main contribution in the asymptotic approximation of ( 1.22) , and all the other saddle points give exponentially small contributions and hence are negligible. At the first saddle point τ 1 , g and W have the following Taylor expansions: Then, the method of saddle point yields 19) as t → 0 + . Here, d 2 /2 = g(τ 1 ) and d is the sub-Riemannian distance between the two points (x 0 , y 0 ) and (x, y). The coefficients of C n can be obtained by the same manner as in §2. The C n 's can be computed by formulae in (2.23)-(2.25) with m = 2, p = 3, α = 1 and a s , b s given in (3.18).
(f) Some observations
The heat kernel of the Grushin operator has the small-time asymtotics in the following form:
where C is a constant, d is the sub-Riemannian distance between the points q 0 (x 0 , y 0 ) and q(x, y), and
off-diagonal and cut-conjugate; 2 = n, off-diagonal and not cut-conjugate points.
Here, n = 2 is the topological dimension and Q is the Hausdorff dimension. We see that in most of the cases α = Q/2. The case of 2α = 5/2 corresponds to the situation when (x 0 , y 0 ) and (x, y) are cut-conjugate points (see [13] ). Case II is the diagonal case, for which we have
The second term here is related to the scalar curvature in the sense that 1/24|x| 2 = −R(x, y)/96. The scalar curvature R(x, y) is calculated in appendix C.
Uniform asymptotic expansions, the discontinuity of α (a) Heisenberg sub-Laplacian
Let us consider the Heisenberg case first. We have shown that the leading power of t in the smalltime asymptotic expansion for the heat kernel (1.17) varies as the point (x 1 , x 2 , y) varies. To be precise, as (x 1 , x 2 ) approaches (0, 0), the power α of t changes from 3/2 to 2 (see equations (2.30) and (2.31)). From the integral point of view, the discontinuity of α is due to the coalescing of the two saddle points τ 1 and τ 2 to the same value iπ as x → 0. Note that θ 1 < π < θ 2 for x = 0, and that θ 1 and θ 2 both tend to π as x → 0, and τ = iπ is also a simple pole of the phase function f (τ ). For such a case, Frenzen & Wong [28] derived a uniform asymptotic approximation in terms of Bessel function; see also [22, ch. VII] . Their idea is to introduce a rational mapping τ → u by
where σ = 2y/ x 2 and the function A(σ ) is determined as follows. Note that In order to have a one-to-one mapping in the region of interest, one requires dη/du = 0 or ∞. Note that f η (iη 1 ) = 0 and f η (iη 2 ) = 0, thus we let τ 1 and τ 2 correspond to u = iA(σ ) and u = −iA(σ ), respectively. Therefore,
where d is the sub-Riemannian distance between (x, y) and the origin. Here, we have made use of the fact that f (iη 1 ) = d 2 /2. By the transformation τ → u, the heat kernel (1.17) reduces to
where
is analytic near u = 0. Recall Schläfli's integral representation of the Bessel function J ν (z) (see [27, eq. (10.9.19 )])
The change of variables t = λu/2 leads to
Comparing the last equation with (4.3) yields
where a 0 (x, y) is a function of x, y. Follow the approach of Frenzen & Wong [28] , we can derive an asymptotic expansion of the form 6) as t → 0 + .
(b) Grushin operator
In the small-time asymptotics of the heat kernel of the Grushin operator, we see that the leading power of t, α, changes from 1 to 5/4 as q approaches the cut-conjugate point of q 0 . From the integral point of view, this discontinuity of α is due to the coalescing of the saddle point τ 1 and the singularity of W(τ ) at τ = iπ . The treatment of such coalesce of critical points can be found in Wong [22, ch. VII, §3] , and the uniform asymptotic expansion involves parabolic cylinder functions. The discontinuous change of α from 3/2 to 1 can be smoothed out in a same manner as in the Heisenberg case. As there is no alternation in the methods, we omit the details here.
Discussions
We have derived small-time asymptotic expansions for the heat kernels of the Heisenberg subLaplacian and the Grushin operator. Our derivation is based on the integral representations, and 1/t serves as a large parameter as t → 0 + . 
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Appendix A. Sub-Riemannian geometry
Given vector fields {X j } k j=1 on a n-dimensional manifold M. The term bracket-generating condition is the following condition on the vector fields {X j } k j=1 , or equivalently on the distribution D := span {X j } k j=1 . Recall that the Lie bracket of two vector fields X i and X j is Assume {X j } k j=1 are bracket-generating vector fields on the n-dimensional manifold M. As k < n, we have several directions missing. However, Chow's theorem [30] showed that one can define a nature metric on M. Such curves with tangents being in D are called horizontal curves or admissible curves. Chow's theorem says the following: if the vector fields {X j } k j=1 are bracket-generating, then any two points q 0 , q ∈ M can be joined by at least one horizontal curve. By minimizing all the lengths of the horizontal curves joining these two points, one can define the distance between q 0 and q. This distance d(q 0 , q) is known as the Carnot-Carathéodory distance (or sub-Riemannian distance). Therefore, Chow's theorem shows that one can define a metric structure g on M, but this is not a Riemannian metric. The metric space (M, D, g) is called sub-Riemannian geometry or Carnot-Carathéodory space.
Despite the similarity in the names, sub-Riemannian geometries are very different from Riemannian ones. For instance, the geodesic structures are different, the local uniqueness of the shortest geodesics for the Riemannian geometries is no longer valid in sub-Riemannian rspa.royalsocietypublishing.org Proc. R. Soc. A geometries. Another difference is the Hausdorff dimension. The Hausdorff dimension of the Riemannian geometry is equal to n; however, the Haussdorff dimension of sub-Riemannian geometry is larger than n. Mitchell [31] showed that the Hausdorff dimension of (M, D, g) can be calculated as 
Appendix B. Cut points and conjugate points
Fix a point q 0 ∈ M, a point q is a conjugate point of q 0 if there exists a non-zero Jacobi fields J along one geodesic joining q 0 and q such that J (q 0 ) = J (q) = 0. An equivalent definition of the conjugate point is by the exponential map (e.g. [32] ). If q is a conjugate point of q 0 along a shortest geodesic γ , this geodesic will not be shortest any more after this point q. This indicates that the
